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ABSTRACT
We study an N = 1 two-dimensional non-linear sigma model with boundaries
representing, e.g., a gauge xed open string. We describe the full set of boundary
conditions compatible with N = 1 superconformal symmetry. The problem is
analysed in two dierent ways: by studying requirements for invariance of the
action, and by studying the conserved supercurrent. We present the target space







The two-dimensional non-linear sigma model with boundaries and N = 1 worldsheet su-
persymmetry plays a prominent role in the description of open Neveu-Schwarz-Ramond
(NSR) strings. Studying this model may thus help to understand those aspects of D-brane
physics where the sigma model description is applicable. The model is also interesting in
its own right; for instance, it is a well known fact that supersymmetric models have in-
triguing relations with geometry. Here we will show that the supersymmetric sigma model
with boundaries naturally leads to the appearance of partially integrable almost product
geometry.
The idea is to look at the non-linear sigma model with the minimal possible amount
of worldsheet supersymmetry, i.e. with only one spinor parameter in the supersymmetry
transformations. It turns out that even this minimal amount of supersymmetry leads to
interesting restrictions on the allowed boundary conditions. These worldsheet restrictions
can be reinterpreted in terms of the target space manifold, with the result that the open
strings are allowed to end only on (pseudo) Riemannian submanifolds of the target space.
Special cases of the kind of conditions we present here are often adopted in the literature
(e.g. [1, 2]), without derivation. The aim of this paper is to show, in a pedagogical manner,
how one arrives at these conditions via systematic analysis of the action and the conserved
currents. However, the conditions we nd are more general than the ones usually assumed.
The paper is organised as follows. In Section 2 we consider the non-linear sigma model
action dened on a (pseudo) Riemannian target space manifold. We derive the general
boundary conditions that simultaneously set to zero the eld variation and the supersym-
metry variation of the action. We check that these conditions are compatible with the
supersymmetry algebra, and then consider a special case. In Section 3 we rederive the
boundary conditions using a dierent approach, namely requiring N = 1 superconformal
invariance at the level of the conserved currents. In Section 4 we interpret the worldsheet
conditions in terms of the target space manifold, which leads to some interesting properties
of D-branes. Finally, in Section 5, we give a summary of the present work and an outline of
our plans for future investigations.
2 The N = 1 -model action
The rst approach we take in nding the boundary conditions is to analyse the action. Field
variations of the action yields boundary elds equations, which must be compatible with the
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vanishing of the supersymmetry variation of the action. Making a general (linear) ansatz for
the relation between worldsheet fermions on the boundary, this compatibility requirement
imposes restrictions on our ansatz.
2.1 Boundary equations of motion





where g is a Riemannian
4 metric and we use the standard 2D supereld notation (see
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(g; + g; − g;): (2.3)
We now make a general linear ansatz for the fermionic boundary conditions5 (see [3] for
a discussion of general fermionic ansa¨tze),











and we have found it convenient to introduce the parameter  which takes on the values 1.
The property (2.5) can be justied by worldsheet parity, i.e., the theory should be invariant
under interchange of  + and  −. Relaxation of this property leads to the appearance of
generalised torsion (i.e., the combination B + dA of a B-eld and gauge eld); however, we
focus here on a torsion-free background.6
We view R as a formal object, for the moment avoiding to specify whether it is dened
globally or only locally; such issues are discussed in Section 4. Substituting the ansatz (2.4),
4Hereafter, whenever we use the word \Riemannian," we mean \Riemannian or pseudo Riemannian."
5From now on we shall drop the notation jσ=0,pi, since all conditions in this paper are understood to hold
on the boundary.
6The general case will be treated in a forthcoming publication [4] (see also [5].
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as well as its eld variation, into (2.2) yields conditions on R if the variation S is to
vanish. The rst such condition comes from cancelling the  +-terms and says that R








Note that this condition, together with (2.5), implies that R  gR is symmetric. After
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]
; (2.7)
where r is the spacetime Levi-Civita covariant derivative.
Before exploring what conditions the vanishing of (2.7) gives us, we rst remark on the
interpretation of R . The open string may either move about freely, in which case its ends
obey Neumann boundary conditions; alternatively, the ends of the string may be conned
to a subspace, corresponding to Dirichlet conditions. Consider a d-dimensional target space
with Dp-branes, i.e., there are d − (p + 1) Dirichlet directions along which the eld X is
frozen (@0X
i = 0; i = p+1; :::; d− 1). At any given point on a Dp-brane we can choose local
coordinates such that X i are the directions normal to the brane and Xm (m = 0; :::; p) are
coordinates on the brane. We call such a coordinate system adapted to the brane. In this
basis the fermionic boundary conditions are [6]
 m− =   
m
+ ;  
i








(This tensor is also used in boundary state formalism, see e.g. [7, 8].) So R has a clear
physical interpretation: its (+1) eigenvalues correspond to Neumann conditions and its (−1)
eigenvalues correspond to Dirichlet conditions. Thus the general tensor R represents the
boundary conditions covariantly at the given point.
Given this setup of Neumann and Dirichlet directions, it is convenient to introduce the













( − R): (2.9)
Because R squares to one, P  and Q

 are orthogonal projectors, dening the Neumann and



























Continuing the analysis of the eld variation (2.7), we note that since, on the boundary,
theX-eld is frozen along the Dirichlet directions, its corresponding variation vanishes. That
is, QX
 = 0, and we may write X = P X
 . Thus the set of general parity invariant
boundary conditions implied by the boundary equations of motion are


























In general one does not expect the boundary conditions derived as eld equations to be
supersymmetric, since the action is invariant under the supersymmetry algebra only up to a
boundary term. To ensure worldsheet supersymmetry the boundary conditions should make
the supersymmetry variation of the action vanish. The constraints on R implied by this
condition must then be made compatible with (2.12) and (2.6).
Assuming the standard (1,1) supersymmetry variation (A.52) with supersymmetry pa-
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]
: (2.14)
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]
: (2.15)
We have two choices; either to stay completely o-shell, or to make use of the (algebraic)
bulk eld equations for the auxiliary eld F .7 If we stay o-shell and plug the conditions
(2.12) into (2.15) we get a condition involving the F -eld. However, this condition is not





K is symmetric either in the rst two indices or in the rst and the last (for instance,
7Note that there are no boundary contributions in deriving the F -eld equations.
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one could choose K = grR). Therefore, staying o-shell, we do not obtain a unique
form of the boundary condition for F . (Even if this F -condition were unique, we still need
it to be compatible with the F -eld equation on the boundary.) Hence the way to proceed
is to go partly on-shell and use the F -eld equation of motion,
gF





−Γ = 0; (2.16)
restricted to the boundary (i.e., with the ansatz (2.4) inserted). Substituting this in (2.15)
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grRγ + P RγgrR + P γRgrR = 0; (2.18)
which, by contraction with Q, leads to
P γP

r[Q] = P γP Q[;] = 0: (2.19)
This is the integrability condition for P (cf. Appendix D).
In conclusion, the boundary conditions (2.12) are consistent with worldsheet supersym-
metry, in the sense discussed above, when P is integrable. The geometrical meaning of this
integrability condition is discussed in Section 4.
2.3 Compatibility with the algebra
We may rephrase the question about boundary supersymmetry and study compatibility with
the supersymmetry algebra. This means that the boundary conditions should be consistent
with the supersymmetry transformation of our fermionic ansatz (2.4). Applying the trans-
formations (A.52) to the ansatz one nds a bosonic boundary condition8
@=X
 = R@++X
 + 2iP F

+− − 2iR;P  + +: (2.20)
8The set of supersymmetric boundary conditions can be written in terms of 1D superelds, see Ap-
pendix B.
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Compatibility with the supersymmetry algebra is attained when the boundary eld equations
(2.12) satisfy (2.20). Note that (2.20) is stronger than the requirement of zero supersymmetry
variation of the action; this may be seen by substituting (2.20) into (2.15) to get
sS = −2i−
∫







which vanishes identically because gP

rRγ is symmetric in  and γ (by (2.6)).
To show that the boundary equations of motion are consistent with (2.20), we rst go
on-shell by using the F -eld equation (2.16) restricted to the boundary, obtaining
@=X
 − R@++X + 2iP γrR γ+ + = 0: (2.22)
Contraction withQ then gives the integrability condition for P , after using thatQ@0X
 = 0.
On the other hand, contracting (2.22) with P and using that P is integrable, we arrive at
the second (bosonic) condition in (2.12). Thus we conclude that (2.12) are the general parity
invariant boundary conditions compatible with the supersymmetry algebra, provided that R
squares to one and preserves the metric, and that P is integrable.
2.4 Preservation of the metric
The properties (2.13) allow us to draw some conclusions about the form of R . For a
generic metric g there is only one solution for R that squares to one and preserves the
metric, namely R = 

 . Thus there can be no Dirichlet directions, i.e., this general
background cannot support D-branes, or worldsheet supersymmetry is broken.
If, on the other hand, when the metric is not of a completely general form, there may
be other solutions for R , depending on the form of g . In the presence of Dp-branes,
the metric must not mix Neumann and Dirichlet directions. To see why, go to adapted
coordinates (Xm; X i) at some point in the target space; then R = diag(1;−1) at this point,






tells us that the only backgrounds that allow Dp-branes are those satisfying [1]
gin = 0: (2.23)
Thus we see that, at the given point, the metric must be such that the Neumann and Dirichlet
directions decouple, if the strings attached to the brane are to remain supersymmetric.
There remains the important question of whether the adapted system of coordinates at
a point can be extended to a neighbourhood along the Dp-brane. This is where integrability
comes in; we address this issue in Section 4.
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2.5 A special case
One may ask what is required for the two-fermion term in the bosonic boundary conditions
in (2.12) to vanish, so that the boundary conditions take the simple form
  








often assumed in the literature; see, e.g., [1]. From (2.12) it is easily seen that in addition
to (2.13) one needs to impose
P rRγ = 0; (2.25)
a condition that also implies P -integrability (c.f. Eqn. (2.19)).
Note that for a general metric, where we have R = 

 , the conditions (2.24) reduce to
  

− −  + = 0
@=X
 − @++X = 0
(2.26)
which corresponds to the freely moving open string, its ends satisfying Neumann conditions
in all directions (corresponding to space-lling D9-branes).
3 N = 1 superconformal symmetry
The second route to nding the boundary conditions allowed by the supersymmetric sigma
model involves studying the conserved currents. Here we derive these currents and the
conditions they must satisfy on the boundary, showing how this yields constraints on R .
3.1 Conserved currents
We want to retain classical superconformal invariance in the presence of boundaries. To do
this, the appropriate objects to study are the currents corresponding to supertranslations in
(1; 1) superspace. These supercurrents may be derived using superspace notation (we sketch







obeying the conservation laws
D+T
+




Note that these conserved currents are dened only up to the equations of motion.
The components of the supercurrents (3.27) and (3.28) correspond to the supersymmetry
current and stress tensor as follows,
G+ = T
−
++j =  +@++Xg ; (3.29)
G− = T+= j =  −@=Xg ; (3.30)
T++ = −iD+T−++j = @++X@++Xg + i +r+ +g ; (3.31)
T−− = −iD−T+= j = @=X@=Xg + i −r− −g : (3.32)
The covariant derivative acting on the worldsheet fermions is given by
r + = @+
=




X +; r − = @+
=





where Γ is the Levi-Civita symbol. Moreover, the conservation laws in components acquire
the following form,
@++G− = 0 @++T−− = 0
@=G+ = 0 @=T++ = 0
To ensure the superconformal symmetry on the boundary we need to impose boundary
conditions on the currents (3.29){(3.32). To see what these conditions look like, consider the
conserved charge,




where the current J is any of the currents G and T , and J0 is the  -component of J . Then
current conservation, @J





resulting in the boundary condition
J+ − J− = 0:
Applying this to our currents G and T , we arrive at the boundary conditions
G+ − G− = 0; T++ − T−− = 0: (3.35)
At the classical level, these conditions are just saying that the left-moving super-Virasoro
algebra coincides with the right-moving one. We emphasize that classically the conditions
(3.35) can make sense only on-shell. This means that we may (and should) make use of the
eld equations in our analysis of the current constraints.
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3.2 Boundary conditions
To examine how the current conditions aect the choice of R in the fermionic boundary
conditions, we begin by rewriting the stress tensor in a suitable form. The problem is that
the stress tensor has both normal and tangential fermionic derivatives. This is remedied by
dening 2r0  r+ +r− and using the fermionic equations of motion,
g( 

+r− + −  −r+ −) = 0;
to rewrite T++ − T−− as follows,
T++ − T−− = @++X@++Xg − @=X@=Xg +
+i( + −  −)r0( + +  −)g +
+i( + +  

−)r0( + −  −)g : (3.36)
The general form of the boundary conditions which satisfy (3.35) are found by again making
the ansatz (2.4)











recalling that the last property is needed if we want worldsheet parity as a symmetry of the
boundary conditions. Using (3.36) and (3.37), the conditions (3.35) may be rewritten as
follows,
 G+ − G− =  

+(g@++X
 − R@=Xg) = 0
T++ − T−− = 2@0X
(
g(@++X









 and the parenthesis in the T -condition (assuming
that there are Dirichlet directions, i.e., that there is a non-vanishing Q such that Q@0X
 =









r[Q] = 0; (3.39)
i.e., R preserves the metric and P is integrable, just as we saw in Section 2.
A remark may be in order on the fact that we obtain the individual conditions (3.39),
rather than some more general condition involving all the worldsheet elds. This may be
understood by recognising that, after using the fermionic boundary condition and the current







of only two independent elds, say  + and @++X
. But since these remaining elds are truly
independent, terms of dierent structure that appear in the current conditions must vanish




will appear which must vanish independently, giving the rst of Eqns (3.39), and the second
condition is obtained analogously.
We conclude that the complete set of boundary conditions that solve the current bound-
ary conditions (3.35) are
























These conditions are identical to the boundary conditions (2.12), (2.13) derived from the
action in Section 2. In particular, it is clear that again P needs to be integrable.
As an alternative to the above procedure, one may derive the conditions (3.40) by impos-
ing compatibility with the supersymmetry algebra on the currents in a more direct manner.
That is, we can use the (on-shell) supersymmetry transformation (2.22) of the fermionic
boundary conditions. The result is again that the G- and T -conditions require, in addition
to the fermionic boundary condition and its supersymmetry transformation, that R satisfy
(3.39), i.e., we arrive at the boundary conditions (3.40). Note that now P -integrability may
also be derived in the same way as discussed in
Section 2.3, contracting (2.22) with Q.
4 Geometric interpretation
In this section we discuss the target space interpretation of the boundary conditions we have
found. All information about the boundary conditions is encoded in R , so we focus on the
restrictions on R alone. There are two ways of viewing the boundary conditions, locally
and globally; either R is dened only locally in the target space, or it is dened globally.
4.1 Locally dened conditions
We rst take the local point of view, assuming that R is dened only in some region of
the target space manifold. The rst boundary condition we consider is the integrability of
P . Take an arbitrary point x0 in the region where R

 is dened. We may then write any
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contravariant vector dX at x0 as
dX = P dX
 +QdX
; (4.41)




 . It follows that the distribution P is dened
by
Q(X)dX
 = 0; (4.42)
since this leaves
dX = P dX
 : (4.43)
The denition (4.43) leads to P -integrability, by acting on it with the exterior derivative d,
0 = d2X = P ;dX







which is the P -integrability condition (cf. Eqn (D.67)).
It turns out that P -integrability is the very condition necessary and sucient for the
dierential equations (4.42) to be completely solvable in a neighbourhood. To see this,
note that for Q(X)dX







 ^ dX = P P Qγ[;]: (4.45)
If the equations (4.42) are completely integrable, then they admit rank(Q) independent
solutions. Going to a coordinate basis where the equations take the form d ~X i = 0, we may
write the solutions as
~X i(X) = qi; i = 0; :::; rank(Q)− 1; (4.46)
where qi are constants.
Interpreting the above result in terms of the target space manifold, we see that the
coordinates (4.46) dene a rank(P )-dimensional submanifold. If P has rank p + 1, then
the submanifold is (p + 1)-dimensional, i.e., it is a Dp-brane, and f ~X ig is the system of
coordinates adapted to the brane. Now P -integrability allows us to extend this system of
coordinates to a neighbourhood (i.e., it is dened not only at one point) along the Neumann
directions. Note that this result arises in a purely algebraic fashion from the requirement of
minimal worldsheet supersymmetry (see Section 2).







Unlike P -integrability, this property is not purely algebraic; it requires additional informa-
tion, for instance conserved currents (see Section 3).
As we saw in Section 2.4, preservation of the metric implies that in coordinates adapted to
the brane the metric must take a block diagonal form, g = diag(gmn; gij), on the worldsheet
boundary. Given that P is integrable, we can extend the adapted coordinate system to a
neighbourhood along the brane, so that R = diag(1;−1) in this neighbourhood. Thus the
metric is block diagonal in this neighbourhood, and the metric along the Neumann directions,
gnm, could in principle serve as a metric on the Dp-brane.
In conclusion, we see that requiring N = 1 superconformal invariance for open strings
results in that they are allowed to end only on Riemannian submanifolds of the target space
manifold. Of course, this implies no restrictions on the \bulk" target space; the conditions
here only applies to the worldsheet boundary, telling us where the strings may end, not what
the rest of the background looks like. As an aside, note that if applied to the case where
both P and Q are integrable, the above discussion leads to the existence of both Dp- and
D(d− (p+ 1)− 1)-branes.
4.1.1 Conned geodesics
As we discussed in Section 2.5, the fermionic boundary condition and its supersymmetry
transformation simplify to (2.24) when the extra requirement (2.25) is imposed. This re-
quirement has a nice geometrical interpretation when dened in a neighbourhood of a brane.
Since rRγ = −2rQγ, one can rewrite (2.25) as
P rQγ = 0: (4.48)
When this condition is satised, P is called parallel [9] with respect to the Levi-Civita
connection. Indeed, if P is integrable one can always construct a symmetric ane connection
such that (4.48) holds.
To understand the physical meaning of (4.48), take a point x0 and a vector v
 at x0 ,
which is contained in P (i.e., Qv
 = 0). Then the autoparallel curve with respect to the
Levi-Civita connection, vrv = 0 is uniquely determined by the initial point x0 and the
initial direction v. The condition (4.48) ensures that the path thus determined is always
contained in P . This is easily seen by inserting v = P v
 into the curve (where now v is
any vector along the curve),
0 = vrv = vr (P v)
= vvrP  + P vrv
= −vvP rQ:
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Thus the autoparallel curve is compatible with the requirement that v be contained in P ,
if (4.48) holds.
A distribution P such that autoparallel curves starting out in P always remain in P is
called geodesic9 [9]. Physically it means that if a geodesic starts on a Dp-brane, then it will
always remain on the brane. Hence particles cannot escape from the brane.
4.2 Globally dened conditions
Turning now to global issues, we ask when it makes sense to interpret the boundary conditions
(2.12), (2.13) globally and what kind of restrictions it implies for the target space. If the







globally, then the target space manifold is said to admit an almost product structure R
(see Appendix D). If in addition R preserves the metric, then the manifold is called an
almost product Riemannian manifold.
Thus our boundary conditions tell us that when the target space is an almost product
Riemannian manifold with the property that P is integrable, then it admits Dp-brane solu-
tions at any point, and that these solutions respect N = 1 superconformal symmetry. If the
target space is a locally product manifold (i.e., both P and Q are integrable), then the sigma
model admits both Dp- and D(d− (p+1))-brane solutions at any point of the manifold, and
they are all compatible with N = 1 superconformal invariance.
4.2.1 Warped product spacetimes
Consider again the case where P is a geodesic distribution satisfying (4.48). There is an
interesting example of a geometry for which this condition is fullled globally, namely the
warped product spacetimes [9]. Given two Riemannian manifolds (Mi; gi), i = 1; 2, and a
smooth function f : M = M1 M2 ! RI , construct the metric g = g1  efg2 on M. Then
the manifold (M; g) is a warped product manifold.10 Thus, if (4.48) is dened globally, we
know that the target space is a warped product spacetime, and we also know from Section 2.5
that the only boundary conditions preserving N = 1 superconformal symmetry in this case
are







9This property is a weaker condition than (4.48).
10In the present context it is interesting that many exact solutions of Einstein equations, e.g.,
Schwarzschild, Robertson-Walker, Reissner-Nordstro¨m, etc., and also p-brane solutions, are examples of
warped product spacetimes.
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although now they need to be globally dened.
5 Discussion
In this paper we investigate what boundary conditions on a N = 1 sigma model are required
for supersymmetry.
First, vanishing of the boundary supersymmetry variations together with invariance of
the action under general variations give us a set of boundary conditions. These turn out
to be compatible with the supersymmetry algebra on the boundary in that the fermionic
and bosonic boundary conditions form a supersymmetry multiplet on the (auxiliary) F -eld
shell.
We further studied the boundary conditions required for left and right currents to agree
on the boundary. The conditions derived in this way are identical to those we nd using our
rst method.
Our boundary conditions are more general than those usually adopted in the literature
and derived in a systematic manner. We believe that this make them useful.
One interesting feature of our results is the occurrence of a mixed second rank tensor R
that squares to the identity and preserves the metric. We show that the projector in the
Neumann directions, formed from R , satises an integrability condition. This condition
has the natural interpretation that it is possible to choose coordinates along a D-brane in
which R is constant and diagonal. Our boundary conditions give information about how
D-branes may be embedded in spacetime and what the corresponding local geometry looks
like. In particular, we show that minimal boundary supersymmetry requires open strings
to end only on (pseudo) Riemannian submanifolds of the target space. This fact is usually
assumed in the literature, but we have derived it in a rigorous way.
Mathematically it may also be of interest to consider the case when R is globally
dened. Then it has the geometric interpretation of an almost product structure, and we
briefly discuss this.
In this paper we have only considered sigma models in a non-trivial background metric.
The boundary conditions will get modied if a background antisymmetric B-eld is also
included [5]. We turn to this case in a future publication [4].
Other questions of interest to us are related to treating the full theory, i.e., to include
the 2D supergravity elds. And, even in the gauge-xed case, to include contributions from
the ghost elds, e.g., to the currents.
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A (1,1) supersymmetry
Throughout the paper we use ; ; ::: as spacetime indices, (++;=) as worldsheet indices, and
(+;−) as two-dimensional spinor indices. We also use superspace conventions, where the
pair of spinor coordinates of two-dimensional superspace are labelled , and the covariant
derivatives D and supersymmetry generators Q satisfy
D2+ = i@++; D
2
− = i@= fD+; D−g = 0






= @0  @1. In terms of the covariant derivatives, a supersymmetry transformation
of a supereld  is then given by
  ("+Q+ + "−Q−)
= −("+D+ + "−D−) + 2i("++@++ + "−−@=): (A.50)
The components of a supereld  are dened via projections as follows,
j  X; Dj   ; D+D−j  F+−; (A.51)
where a vertical bar denotes \the  = 0 part of ". Thus, in components, the (1; 1) super-
symmetry transformations are given by

X = −+ + − − −
 + = −i+@++X − −F −+
 − = −i−@=X − +F +−
F +− = −i+@++ − + i−@− +
(A.52)
B 1D supereld formalism
One may view the 2D supersymmetry algebra as a combination of two 1D algebras. To see
this, we rewrite the (1; 1) supersymmetry algebra in terms of 1D supermultiplets. Assuming
that + =  and −  , (A.52) becomes

X = −( + +  −)
( + +  

−) = −2i@0X
( − −  +) = −2(F +− − i@1X)
(F +− − i@1X) = −i@ ( − −  +)
(B.53)
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Introducing a new notation for the following combinations of elds,
Ψ  1p
2





( − −  +); f  F +− − i@1X; (B.54)
and redening  =
p




 ~Ψ = −f
f = −i@0 ~Ψ
(B.55)
Clearly, (B.55) is a decomposition of the 2D algebra into two 1D supermultiplets. We
introduce a 1D supereld notation for these multiplets,
K = X + Ψ; S = ~Ψ + f; (B.56)
where  is the single Grassmann coordinate of the respective 1D superspace, and the corre-
sponding 1D superderivative is now D, satisfying D2 = i@0.
The fermionic boundary condition (2.4) and its supersymmetry transformation may be
rewritten in terms of the 1D supermultiplets,

Ψ = P Ψ
 ;
@0X

















where N is the Nijenhuis tensor for R

 , (D.68). In terms of the 1D superelds, these may
be concisely written as




It is clear from conditions (B.58) that the multiplet (X;Ψ) may be thought of as living
along the Neumann directions, whereas the multiplet ( ~Ψ; f) lives in the Dirichlet directions.
C Supercurrents
Here we briefly sketch how to derive the supercurrents that dene the supersymmetry cur-
rents and stress tensor discussed in Section 3. Our derivation here includes a nonvanish-
ing background B-eld; to obtain the currents relevant to the B = 0 case, one just puts
B; = B = 0 in the result below.
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We start from the superspace formulation of the non-linear sigma model, where we have
promoted the worldsheet to a superspace by supplementing the ordinary worldsheet coordi-
nates  with a pair of Grassmann coordinates . The model has the same form as (2.1),
except now we make it locally supersymmetric by introducing the supervielbein E AM as well




where E is the determinant of the supervielbein. The indices run over the lightcone co-
ordinates and their Grassmann counterparts, M and A taking values (++;=;+;−). The
supereld  is dened in Appendix A, and e is the supereld whose lowest component is
the spacetime metric plus B-eld, e = g +B .
Varying (C.59) with respect to the independent components of the supervielbein, we








(−1)AT BA H AB ; (C.60)





H ++ , H
=
 ), where H
A
B  E MA E BM [10]. Using the equations of motion,
r+r−g − 1
2
r+r− (g; + g; − g; +B; + B; +B;) = 0;
as well as their r derivatives, all components T BA vanish except T−++ and T+= . To revert to
















These are the supercurrents that dene the supersymmetry current and stress tensor via
Equations (3.29){(3.32).
D Almost product manifolds
Here we review the relevant mathematical denitions pertaining to almost product manifolds.
In our use of terminology we closely follow Yano’s books [9, 11]; however, the reader should
be aware that often a dierent terminology is used in the literature.
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Then M is an almost product manifold with almost product structure R .






then M is an almost product Riemannian manifold11.











( − R): (D.65)
P and Q are globally dened and satisfy R = P






















The eigenvalues of R with respect to P and Q are +1 and −1, respectively. Thus P
and Q dene two complementary distributions such that tangent vectors v on M with
R-eigenvalue +1 belong to P , and vectors with R-eigenvalue −1 belong to Q,
P : fv : Rv = vg; Q : fv : Rv = −vg:
Clearly, rank(P ) equals the number of +1 eigenvalues of R, and rank(Q) is the number of
−1 eigenvalues of R. In fact, this implies that the holonomy group of an almost product
Riemannian manifold is12 O(rank(P ))O(rank(Q)).
At any one point x0 in M, it is always possible to nd a local coordinate basis such that

















The almost product structure R as well as the distributions P and Q may or may not be
integrable. The integrability condition for P and Q are stated as follows.13 P is completely




12For a pseudo Riemannian manifold the holonomy group is O(1, rank(P )− 1)O(rank(Q)).















γ = 0 (D.67)























γ = 0: (D.69)
R is integrable if both Q and P are integrable, i.e., if N = 0. In this case M is an
integrable almost product manifold, also called a locally product manifold.
Integrability determines the extent to which R, P and Q may keep their canonical form
in a local neighbourhood of the point x0 . On an integrable almost product manifold, R, P
and Q can always be brought to the form (D.66) in a whole neighbourhood of x0 . However,
if only one of P and Q is integrable, then the canonical form can be extended only in
the corresponding directions. Thus, if P is integrable, one can adopt (D.66) along the P -
directions, and similarly for Q-integrability.
In terms of transition functions on M, R-integrability means that there is a system
of coordinate neighbourhoods with coordinates X splitting into (Xn; X i) such that the
transition functions f are of the form ~Xn = fn(Xm) and ~X i = f i(Xj) so that fn;i = 0
and f i;n = 0. This is analogous to the case of almost complex manifolds (where R
2 = −1);
there R-integrability implies that one can nd local (anti)holomorphic coordinates with
(anti)holomorphic transition functions.
If, for a locally product manifold M, R is a covariantly constant tensor (i.e., rR =
0 with respect to some connection), then the manifold is called a locally decomposable
Riemannian manifold. The warped product manifold (see discussion at the end of Section 4)
is an example of a locally product manifold which is not locally decomposable.
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